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1. Answer any four of the following questions:       2 × 4 

(a) If 𝑓(𝑧) =
𝑥3(𝑦−𝑖𝑥)

𝑥4−𝑦4
 when 𝑧 ≠ 0, 𝑓(0) = 0 then find lim

𝑧→0

𝑓(𝑧)−𝑓(0)

𝑧−0
⁡ along the 

curve 𝑦 = 𝑥2.  

(b) Suppose Im[𝑓 ′(𝑧)] = 6𝑥(2𝑦 − 1) and 𝑓(0) = 3 − 2𝑖, 𝑓(1) = 6 − 5𝑖 ,then 

find 𝑓(1 + 𝑖). 

(c) Evaluate ∮
𝑑𝑧

𝑧−2
 around |𝑧 − 2| = 4. 

(d) Calculate the sum of all possible residues of the function 𝑓(𝑧) =
𝑧2

(𝑧−1)(𝑧2−5𝑧+6)
. 

(e) Prove that for closed polygons, the sum of the exponents 
𝛼1

𝜋
− 1,

𝛼2

𝜋
−

1,…… ,
𝛼𝑛

𝜋
− 1 in Schwarz-Christoffel transformation is equal to −2. 

(f) Evaluate ∮
𝑠𝑖𝑛6𝑧

𝑧−
𝜋

6

⁡

𝐶
𝑑𝑧; 𝐶: |𝑧| = 1. 

2. Answer any four of the following questions:                                                      8 × 4             

(a) (i) Let 𝑢⁡ = ⁡𝑥2 ⁡− ⁡𝑦2 and 𝑣⁡ = ⁡−
𝑦

𝑥2+𝑦2
⁡. Is 𝑓(𝑧) = 𝑢 + 𝑖𝑣 analytic function? 

Justify your answer. Also, check whether 𝑢 and 𝑣 are harmonic or not. 

(ii) In the transformation 𝑧⁡ = ⁡
𝑖−𝑤

𝑖+𝑤
⁡ , show that half of 𝑤-plane given by 𝑣 ≥ 0 

corresponds to the circle |𝑧| ≤ 1 in 𝑧-plane.        4 + 4 

(b) (i) Evaluate  
1

2𝜋𝑖
∮

𝑒𝑡𝑧

𝑧2(𝑧2+2𝑧+2)
𝑑𝑧 around |𝑧| = 3. 

(ii) Find the Laurent series about the indicated singularity for 𝑓(𝑧) =
𝑒2𝑧

(𝑧−1)3
; 

𝑧 = 1.                         4+4 



 

 

(c) (i) State and prove Liouvlille’s theorem. 

(ii) The only singularities of a single valued function 𝑓(𝑧) are poles of order 1 

and 2 at 𝑧 = −1 and 𝑧 = −2, with residues at these poles 1 and 2 respectively. If 

𝑓(0) = 7/4⁡, 𝑓(1) ⁡= ⁡5/2, determine 𝑓(𝑧).                                                4 + 4 

(d) (i) Evaluate ∫
𝑑𝜃

(𝑎+𝑏cos2 𝜃)

2𝜋

0
 , 𝑎 > 𝑏 > 0 

(ii) If the mapping 𝑤 = 𝑓(𝑧) is conformal then show that 𝑓(𝑧) is an analytic 

function of 𝑧.           4 + 4 

(e) Using the method of residues, evaluate ∫
𝑥 sin𝜋𝑥

𝑥2+2𝑥+5

∞

−∞
𝑑𝑥.                                  8 

(f) (i) Express the transformation 𝑢 = 4𝑥2 − 8𝑦, 𝑣 = 8𝑥 − 4𝑦2 in the form 𝑤 =

𝐹(𝑧, 𝑧)̅. 

(ii) Prove that Schwarz-Christoffel transformation maps the upper half plane 

onto the interior of the polygon.                                                                      3+5

          

 


